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Abstract

Justification Logics is a family of modal logics in which the proof or justification of a
necessitated proposition can be explicitly expressed. These logics can be considered as
epistemic logics in which the justification (reason or evidence) for knowledge or belief
of a proposition can be expressed in the language. In this paper, we study an extension
of justification logics with actions. In particular, we extend the language of Artemov’s
logic of proofs with actions. To this end, we use the regular actions of propositional
dynamic logic without the iteration operator. By combining the axiom system of the
logic of proofs with that of propositional dynamic logic, we present an axiomatic proof
system for this combined logic. We also present a possible world semantics, based on
Kripke-Fitting models, for this combined logic, and prove the completeness theorem by
means of the canonical model construction. We further establish the internalization
property for this logic.
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VL. mg(t:¢@) =&t @) N {ulRW) < mg(p)}

S T iy o5

M =<K mgRE> Jdho & )5 aS Lo cpl s Sl 2xe JPDLs sl )3 @ dile Jge 3
Lo asle Jse b (mp(@) =K s jle 4) A3k myp(@) 3 u K 3 u Cpnds 5o 5
s M =<K mg,R, &> Juﬁjsﬁwd(@@lﬁuJPDLcsdbﬁZ Sles )b

A3l my () L3 u oSS Sl mp(W) s u €S Ha sl STK 3u Cands A

Canles f
Ladie 3l eslezal b |y (Completeness) Cwsles s (Soundness) Cwodw ausd  jso pl 3
S B) A = 3 2D gy
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Lo 1.¥ anasd
sl ima JPDLcs 53 F ol T il LU JPDLes 3 F Jge 3 S

RS

Lol Glate ol deelsd 5 s - 2ee JPDLs Glate J sl s DL AL
mly 5 e 5 Lacldl Glae J gl 3l oS 55 Glate ol J gl o Lol 1S o Jaim
D. Harel, D. Kozen, Jerzy. Tiuryn, ) s (Fitting, 2005) 3 42s b alive J sl -l lzel L
3L o sl 0l 41 (2000

&) Cul axe IPDLGs 3k 53 cqi[a]@ €CS oS | (A3 5 ola J=
Jeos Alze 2l (sl oS cla S 5 o Jas S L LS 1 5 Juol 2l Sl
LL My (@) = K o ls M =<K mg,RE> Jdo o o3 il fol S ST (Cnl wlie
oL ST cai [adp € €S ST S Lol 5l ool myg (i [alp) L3 u s DL
b W€ E(Cg [a]0) 45 wls w53 (€ mb 31 P b 4 W) E(cqg [alp) =K
el U E Mg (ot [a] @) (VD) o a5 3o o 1 € My () = K g 503

SPS Jro 1 F iy yoi
(S oo S 5 S g0 4 IPDLes laie (ol 5 MY =< N,mg, Ry, &g > 555 Jke

Rg(u,v) & u* = {op|t:@ €Euforsomet} S v

my(¢) = {ule € u}

my (o) = {(uv)|(Ve), @ Ev = (a)p € u} = {(u,V)|(Vo),[a]p Eu = ¢ €V}
Eq(t, @) € {ult: @ € u}

Yfod
sl JPDLcs Gl (gl Jde S MY =< N, mg, Ry, Egp > 5 555 Joke

S cenl SLIL alie Ol el W88 5 (gt Ry 22 0L ALl
23 g0 0L b 35 o Bl byl 53 O Ol o el by ool s 0L (Fitting, 2005)
534S el SLEL i S O S o Bl Y iy 510-) by i s &y
B e p el )3 dsed gl .]af.i S bas sl s Ol (Fitting, 2005)
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URpV & U € Eq(t, @) = Vv E Ex(t, @)
Sk Sblteeu u€ep(to) Qﬁju#QVaKjTuRmvoﬁ;ﬁiﬂ&
G=b st () Eu s (Cul Jlay Sbo 4 sazmau Osor 5 t:cp—>!t:(t:(p):(..u\.s J sl
VEERL Q) o LQEV &S Jas 0 amd pl si@ EUF smy ) 4 a0
Ul
Gl gl Jds K CS ol jan 4 MY =< N, mg, Ry, Egy > $FE Jde s 0L AL
URpw oSSTVRgW 5 uRgY ST ins ol (5dae Ry o 0L Al 1l sl
SUWEV S e o 5 oS o o3litad P e 53 (6 s e s 5 )
t:(p—):ﬁ)lsdj_\alg;_fkv_éjla)'\.t:(pEug_é_ljdk;,bolﬁT@Eu#Jﬂdb-.v#gw
= o=l i b sl (@) Eu ey (il Jlay Sb d sz u O g gt ()
Sl 2o Ry o QEVICE W @ EV &S Jad 04D ol sti €U
URpU a1 EN o (gl my Cowl w8l Ry eots oo QLGS aals) o
o wf S U S o (25 5 oS o o3liiad S5 ke 53 (6 o s i 5
uC))_a.-jt:(p—mp:r_i)bJj_.p\L;_?kLréJlaj\.t:(pEu;_é_ijzié_:lae&TcpEu#Jf\
Sl SRy 5@ €U s el 5y Jlay Sbo 45 5ams
U130 En b b s e 0L
URpv & U € Eg(t, @) = v E Ex(t @)
Sk Sbilteeu uuelpte) Qﬁ}u#QVaKjuRmvoﬁg_&iﬁJL;?b
Gb st @) €U L il 5 Iy S as gazmet O 5 @ — 11 (@) :(..i)\.s J sl
VEERL Q) o LQEV &S Jad 0 amD pl si@ €EUF jmy )l 4 a0
u€&x(t,p) > ue gt t: )
UOser s - lt(t) :(._i)\;dj_ﬁalé_:bu_éjbj\.t:q)Eumue&n(t,(p) S
UE Eq(Itti ) das o ames ST () EU o ol 5 Jloy Sbe 4e 50ms
En(s, @ > Y) NEx(t @) S Enls.t, )
G—b b lseoVeEu stpEn LT u € Enls, @ - ) su € Exlt@) S|
s el Iy S 48 gamau O 5 51 (@ 2 ) = (B0 = (5.DV)) (ls sl
U € Eq(s.t, ) Ma&o&za\S(s.t)LpEuﬁ;@@fmtzﬁ_uu&s

Em(s' (P) U gﬂ?(t' (P) c gﬂ?(s +t (P)
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:V_l)bdyl&bgjb)’\s:cpEuj t:(pEuolfjuEEgz(s,cp)liuesm(t,cp) J§|
rMﬁjaMBMgM‘wldLﬁﬁuuwuQj_;:-)s:(pﬁ(s+t)q)
Uu€&p(s+t0) M;@@6(5+t)<p6uﬁﬂ§&4>&:j

u€ E(Caqp [alo)

= il u € Eq(crey [0de) ST .omul ol S &S (Gl 5 a € Atom rLd Sy
jw‘uéujiudbﬁﬂdu{‘;ubcw‘y\(p Qj_g-e\S\)uch{a,(p}:[akp
U E E(Crgpp [ale :ﬁ)b B\

e S

etij cMLJPDLCSL;Ja.ALSLAJfJﬁ )‘ JL@.&;L‘: JKJL«) 4&}&»&Nﬁ|

TP ENLQPEN 1 Jss b (sl i

.ljJeNjcpENJf\L@,;Ej;l(p/\llJEN:lIJ)(pJ}»J.éJAL;\J;_ i

YENL@eEN Sl s SloVPEN W 59 Jge b o gl dii

YENLPeN SIS 5 SlooPeN Y s s b » gl y iv

.q;eNQK;T‘@,@p—w)eNjflzw\Mrmc,;p,\puwﬂ v

ff
ol M? gl Jae s

i. myp(e - Y) =N —mg(e)) Umg()
ii. mg([a]e) =N — (mg(a) o (N—mg(ep))
iii. mgp(ep) =mgp(a) o my(B)
iv. mg(aUpB) =mg(a) Umg(B)
v. mg(@?) ={(w,w)lu € my(p)}
vi.  mg(t:@) =Ex(t @) N {ul(vv),(u,v) € Ry = v E mg(p)}

(Harel, D., Kozen, D., Tiuryn, Jerzy, 2000) LS ;3 Oy o hv—i glany Ol Ola
Sad oo DUV Ay dadd byl jy 3L

I nEER(t @) En i ,m 4 ar 5 L st@Eu iy ,w 3b oKTu e my(t @) S|
Ql_q.ad(pEVMtchEuoH‘Rm;é_lfj&b‘uRmvéﬁﬂf.,JE):béiv;\
Jfl Sl vV € mg (@)

u € Ex(t, @) N{u|(vv),(u,v) € Ry = v Emg(p)} ={ueN|t:@ € u}
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UEmMg(t@) iy, Gb st@Eu o uETtQET} Ep & ,= b
Colod O.F auad
el LS IPDLes 3 F olGT il jixs JPDLes 53 F J g0 3 S

5 Sl 8L {AF} 48 s0ms ol pdo LS JPDLs 3 F S o o2 U
O el T g Sl IS5l 45 pmmn o 0 S L st pams ol 2L 3 300
Sl e ol @ sl 5l e g 20 Gk ST € mp(2F) tosls < 5 Gb .ol T 5o F
Sl oy sl 23L5 3 Le (5 3 Ll g Conl jime Gte cpl 3 aF I S &S

Lg,,.f‘\g:gsg&:q.&

Gl 5l ise s ol Gl ) S 5 aS 0s S <L) JPDLs ¢U4{L;EE;A4JL&»@|);
Uh’t—«ﬁ"f W»LJLM&_.’_)L;PM}AJ&\ °K:Mb&";;9j’*‘°)‘d"ic""”’| LS‘°)‘J§ le'.’.jﬁ
SoLS sladiie leslial L 1y Comlad 4u28 « JPDLes (gl Koz — Ko S slade
(_SJ_*{(’LSJJ.ﬁﬁ;&;ﬁﬁ&-ﬁﬂd‘é‘ﬁ‘)LS)LN&}))WL?"W.V{.J;QQ\
ot S5 PDL Glate 534S 1S5 Shee Lo | IPDLes late 0L sl
ﬁ)umw.ﬁs@{u@oié\ﬂbwu@}vﬁmL;g,zwf.usdawp
Aﬁ}objj@.]a}’JPDLcs@)J\)CM})WcJ{[{M}‘W&M&L&ﬂW

55 ok slpils o s Lol oSt sn Jbo Colem o 1 s ol (6,5 slads
OFY TN iags o b aS) ol als plonil Olgiosl ant

aliols

Artemov, S. (1995). Operational modal logic (Issue Technical Report MSI 95--29.

Artemov, S. (2001). Explicit Provability and Constructive Semantics. Bulletin of Symbolic Logic, 7(1),
1-36.



VIO (6,08 sltin 5 S sS dons 4abld) ba o b il 3hate 31 o 2

Artemov, S., & Nogina, E. (2008). The topology of justification. Logic and Logical Philosophy, 17(1—
2), 59-71. https://doi.org/10.12775/LLP.2008.005

Baltag, A., Renne, B., & Smets, S. (2014). The logic of justified belief, explicit knowledge, and
conclusive evidence. Annals of Pure and Applied Logic, 165(1), 49-81.

https://doi.org/10.1016/j.apal.2013.07.005

Fitting, M. (2005). The logic of proofs, semantically. Annals of Pure and Applied Logic, 132(1), 1-25.
https://doi.org/10.1016/j.apal.2004.04.009

Goris, E. (2006). Logic of Proofs for Bounded Arithmetic. In D. Grigoriev, J. Harrison, & E. A. Hirsch
(Eds.), Computer Science - Theory and Applications, First International Computer Science
Symposium in Russia, CSR~2006, St.~Petersburg, Russia, June 8--12, 2006, Proceedings (Vol.
3967, pp. 191-201). Springer. https://doi.org/10.1007/11753728 21

Harel, D., Kozen, D., & Tiuryn, Jerzy. (2000). Dynamic logic. MIT Press.

Renne, B. (2006). Propositional Games with Explicit Strategies. In G. Mints & R. de Queiroz (Eds.),
Proceedings of the 13th Workshop on Logic, Language, Information and Computation (WoLLIC
2006), Stanford University, CA, USA, 18--21 July 2006 (Vol. 165, pp. 133-144). Elsevier.
https://doi.org/10.1016/j.entcs.2006.05.042



