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Abstract

The logic {LP} is a paraconsistent logic that bears strong structural and semantic
similarities to the LP logic introduced by Graham Priest. It is defined using
Nmatrices, a semantic tool that plays a significant role in the study of paraconsistent
logics by allowing for the analysis of contradictory statements without collapsing
the entire logical system. In this paper, we first present the semantic framework of
this logic and then develop a proof theory for it based on Gentzen-type sequent
calculus. We show that this proof system is both sound and complete with respect to
the proposed matrix semantics. Another focus of this study is the analysis of certain
distinctive features of the {LP} logic, where noticeable differences from the original
LP logic emerge. In particular, we examine the non-standard behavior of the
conjunction operator in this logic, which functions in such a radically different way
from common logics that the term conjunction barely seems appropriate.

Keywords: Paraconsistent logics, LP, Nmatrix, Gentzen-type proof system, sequent

calculus.

Introduction

Following the study of non-normal models of classical logic, whose existence was
first observed by Carnap (1943), a three-valued paraconsistent logic, denoted by
{LP}, has been identified. This logic bears a strong resemblance to Priest’s well-
known paraconsistent logic LP. In Jafari (2025), it is shown that the class of non-
normal models of classical logic contains a hidden three-valued semantic structure

that closely resembles Strong Kleene’s three-valued matrix. However, despite this
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similarity, there exists a fundamental difference between the two. The matrix
underlying these non-normal models is not an ordinary logical matrix but rather an

*non-deterministic matrix* (or Nmatrix).

Materials & Methods

The method used in the article is mainly deductive and analytical. The basic tools
and techniques of mathematical logic have been used. The material used is the

articles that are introduced at the end and in the text.

Discussion & Results

Non-deterministic matrices were introduced by Avron (2005) as a natural
generalization of ordinary logical matrices. In a standard matrix, every logical
connective is interpreted by a deterministic truth-function assigning a unique truth
value to each combination of inputs. By contrast, in an non-deterministic matrix, the
value of a formula is selected from a set of possible truth values rather than being
uniquely determined. This semantical flexibility allows Nmatrices to capture logical
phenomena that cannot be adequately represented within the framework of ordinary
many-valued semantics.

The hidden Nmatrix embedded in the class of non-normal models induces two
distinct logical systems. The first is a paraconsistent logic denoted by {LP}, which is
closely related to Priest’s Logic of Paradox (LP) (Priest, 1979). The second is a logic
denoted by {K3}, which is closely connected to Kleene’s three-valued logic K3. In a
precise sense, these systems can be viewed as non-deterministic counterparts of LP
and K3, respectively. Although both systems deserve careful investigation, the
present paper focuses exclusively on {LP}, owing to its paraconsistent character and
its close relationship with classical logic. The connection between these logics and
classical logic challenges the conventional understanding of non-classical logics,
particularly paraconsistent logics. Traditionally, paraconsistent logics have been
developed as alternatives or rivals to classical logic. Their founders sought to reject
the validity of the principle of explosion, according to which any proposition
follows from a contradiction. Since this principle is a defining feature of classical
reasoning, paraconsistent systems are often regarded as standing in opposition to
classical logic, or at least as being largely independent from it.

The emergence of {LP} from the semantic structure of classical logic presents a

different picture. Rather than being imposed externally as a revisionary alternative,
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this logic arises naturally from a semantic phenomenon already present within
classical logic itself. The discovery that a paraconsistent logic can be generated from
non-normal classical models suggests a much closer relationship between classical
and non-classical logic than is usually assumed. Consequently, {LP} may be viewed
as a naturally occurring non-classical logic, and its systematic study promises to
deepen our understanding of both classical and paraconsistent semantics. Several
preliminary results concerning {LP} have already been established. For example, it
has been shown that {LP} is a sublogic of Priest’s LP. In addition, the logic has been
proven decidable, providing a basic understanding of its computational properties.
Nevertheless, many important aspects of the system remain unexplored. In
particular, very little is known about its proof theory. While its semantic foundations
have been partially investigated, the inferential behavior of the logic remains largely
unclear. We don’t know to what extent familiar proof-theoretic techniques can be
adapted for this logic.

The primary goal of this paper is to investigate the proof theory of {LP} within
the framework of sequent calculi (or Genzen-type proof systems). Sequent systems
provide a powerful tool for studying the structural and inferential properties of
logical systems, allowing one to analyze deduction independently of semantical
considerations. By developing a sequent calculus for {LP}, we aim to provide a
deeper understanding of proof-theoretic properties of this logic. In the first part of
the paper, we introduce a sound and complete sequent calculus for {LP}. Soundness
guarantees that every derivable sequent is semantically valid, while completeness
ensures that every semantically valid sequent is derivable within the calculus.
Together, these results demonstrate that the proposed proof system accurately
captures the semantics of the logic.

After presenting the calculus, we investigate the behavior of the logical
connectives of {LP} from a proof-theoretic perspective. Particular attention is
devoted to conjunction, whose behavior turns out to be highly unusual. In many
well-known logical systems, conjunction is classified as a positive connective in the
sense that for designated values as input, the compound sentence is also desiganted.
However, we show that the conjunction of {LP} fails to satisfy these conditions. As
a result, according to a natural proof-theoretic criterion, {LP} should itself be
regarded as a non-normal logic (according to a definition of normality). The failure
of conjunction to behave as a positive connective raises interesting questions about
the interaction of logical operators and the nature of inference in non-deterministic
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semantic frameworks. Finally, we examine several fundamental proof-theoretic
properties of the proposed calculus. In particular, we study the invertibility of logical
rules and investigate whether the cut rule can be eliminated from derivations. These
properties play a central role in modern proof theory, as they are closely connected
with consistency, normalization, proof search, and computational complexity.
Establishing cut elimination, in particular, provides strong evidence that the sequent
calculus captures the essential inferential content of the logic in a well-behaved and

non-redundant manner.

Conclusion

Through these investigations, the paper aims not only to provide the first systematic
proof-theoretic treatment of"{LP} but also to contribute to the broader study of the
relationships between classical logic, paraconsistency, and non-deterministic
semantics. The results suggest that non-classical logics need not always be viewed
as competitors to classical logic; in some cases, they may emerge naturally from the

semantic structures already implicit within classical reasoning itself.
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