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Abstract 

In Classical Logic, it is not possible to conclude from "If P then Q" that "It is not the 

case that if P then ∼Q". This argument, whose conditional counterpart is known as 

Boethius' thesis, is abundantly attested in the realm of causal, conceptual, and logical 

relations. Aristotle's thesis "It is not the case that if P then P", which contains 

numerous proofs of causal, conceptual, and logical relations, is not a theorem in this 

logic. Furthermore, in Classical Logic, each of the two propositions P and Q is derived 

from "It is not the case that if P then ∼Q", against which there is a lot of evidence in the 

area of causal, conceptual, and logical relations. The Non-Truth Functional System of 

Propositional Logic is an answer to these problems, in which causal, conceptual, and 

logical relations are analyzed, formulated, and evaluated in accordance with natural 

intuition without exception.    

In his article "Hajhosseini's Non-Truth Functional Logic", Asadollah Fallahi makes 

three specific criticisms of this system: "The number of inference rules are reducible", 

"Every propositional variable is a theorem, and this system and its extension are trivial" 

and "The extension of the Non-Truth Functional System reduces to classical logic". In 

this article, we show that the first criticism is based on some incorrect proofs. Also, the 
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second criticism arises from the incorrect definition of some non-truth functional 

combinations or the incorrect proof of some arguments. Finally, the third criticism is 

solved by reducing the rules of distributivity. For our answer to his repeated criticisms 

we refer to the article "Critical Review of a Criticism on the Theory of Truth-Functional 

System", published in response to his article titled "Hajhosseini's Non-Truth Functional 

Logic". 

Keywords: Non-Truth Functional System, Boethius' thesis, Aristotle's thesis, causal, 

conceptual, and logical relations 
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	�� �& �4 �� E�

�4 . (�� ��FG �
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;
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 HI�J�   K4�'&��L M�'N� .���� ?�%'@ 0 �8��1� .�A�; B4�0� C�%D �� ?��8�     �'8�O �'
�� �'-���
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1. C���� ��   » �'��   ) ,'8���� E8,'	Nacl ( ) p� �'4H2O(      ,�'(�0�,�� E8,'	 .�%'- l'���&
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 ,8���� E8,	 ��� ��  (��p� �4  ,�(�0�,�� E8,	 .�%- l���&  ,�'	� �8���0�,'�� 0 
,8���  	� �4«  

2. C���� ��   « W0� �,; )8� ��� 	� E�(=& S4�G ?0�(� �,; 0� �4 . 	� « �'�    �'"�#� $�%'&
 ��  !��»    �'4 . '	� W0� �,'; )8� ��� ��  (�� )��*   S'4�G ?0�'(� �,'; 0�   E�'(=&

,-�:�«  

3. C���� ��   « ���� ∧ �  . 	� n��@�    '	� n��@ « �'�      �'�  '!�� �'"�#� $�%'&»  )�'�*
 ��� ��  (��� ∧ �  .,-�4 n��@� ,-�:� n��@«    
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�� �� ��� %
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 9��:;» ��� ��  (�� )��*�   �����∼ Q «    �'��� 0� �� �'8 �'� �
�� )8� ���»  « 0» Q «  �'4
��  	� 6�Q� �4 .��%�� ?��4 .���� ?��8� HI�J� ,��%- �� ,8�      C�%'D �� l'�&�& �'4 �'8� ?��

:,�8���! ��%& ?�%@ 0 �8��1� .�A�; B4�0�  

1. C���� ��   «� )��*��� �& )��� .���:4 $���4 ��� ��  (� �%- «���      �'�  '!�� �'"�#� $�%'&
»�� $���4 ���4«  .  

2. C���� ��   «  '(�� )���� l�	 )8� . 	� w�	 l�	 )8� ��� ��  (�� )��* « �'��   $�%'&
 ��  !�� �"�#�» 	� w�	 l�	 )8�«  .  

3. C���� ��   « ��� ��  (�� )��*β  ����� .60� �8  	� W0� �8β � 	� W0 «���   �'"�#� $�%&

 ��  !��»β 60� �8  	� W0� �8  .«  

6�Q� )8� ��%�� 0 ��  ��8� �8��  	� )8� ���� $�`�    B�'T� .��'	
� �
�� B�T� �� ,���
9�%@ 0 S��T& ?��4 �:	���  ���`� 0 ?�%@ .�8��1� .�A�; B4�0� ?,�4 $�  67,#'	� �� ��   �'�
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4�� .60,� )8� �� ���� �I�& 0 M,=� $��� l�L� �� �A�; 0 �8��1� ?��    $�'4� �5�'- ?��
       �'� �� 60,'� )'8� �'��  '	� �,'- �'#!�� �,8��� .���� �%�0 �1�:5      ��Q#'	� �'8 �'4 $�%'&

�5�-) �5�- �4��-��� ?��4 (KG�0 /
Y ?��  '�* �� E� �8�� �'
4�� )�    0 M,'=� $�'�� ?�
� �I�& $     ?��\�'-��� )'8� ��4��'� ��  -�� $����5� ��%� �� �� 0 ��4 ��� �4 ���� �%�0 ��

�5�- �� ��,=� �� M%�; �� 60�,#� ?��     �'�� ��'4 �'4 px�'� �"�#� n��@ ?��   )'8� 0 ��0�
�� $� �� �
�� �� ��  	� ?��* $���      '8,� �'
�� �'4 ?,'���� .H'I� .,D%�).E���%Y .,

{  104(  

� ��	
� �
�� ?%T� ��#Y�	 �4 )J	 )8�  	� )-0�����      0  '	� E�'�1& S'4�G �'�� ��
�4�� $� 2�	�  �,';�G  a� $�%&      ����'� ��'	
� �'
�� W�#�#'	� ?�'�       ��Q#'	� �'8 �'4 �'�� �'�

�5�-) ���� 0���G �� (KG�0 /
Y ?��     �'�  '8�PD �8�'�1� �'8 �A�; �
4�� �� �� �8��   .,'���
67,#	� ?�� 67,#	� �8  	���� ��  	��   �'�� $�'`�  	�� ��  	���� ?��   .,'���  )�'r ��

 .��P80� )8� �����-� R��     �'4 ��'P80� )'8� �� u�! )8� �4 ���  	� �,`� ?�%@ B4�0� �4 ?�
�� ,-�4 E��1& S4�G ��� ?�%@ B4�0�      �� �'� �8����#Y�'	 .��'P80� )'8� 2�	� �4 : a� $�%&

1��� / 	���� ��	
� �
���� �4�8��� �:#      ?�%'@ 0 �8�'�1� .�'A�; B'4�0� C�%D �� ��� ,�%-
�� �4�8��� �:#1� / 	�� ��	
� �
�� �� �� �8����#Y�	 ��� 0 ,���� �=!�%� ,��%-   �'�� ,�%-
   S'��T& ?%'T� �4 ,8�4 .,���� �aI�J� ,��%- ?�%@ 0 �8��1� .�A�; B4�0� C�%D ��    �'� ,�%'-

.,�-�:� ��	
� �
�� M�PD� vG��  �I�=� �� ,D%� z��r .6�Q� ?��4» �'��� �
�� 0 %
	��   :�'�
��:#-� �8 d8��& « ����- �� ��16    6�'	 �� $%'�L�� ��"�1373      S'��T& �'4  '	� �,'- �'`#��

K4�&  ���� �� �-���» ����  �����∼ � «    )'8�  '	� ,'=#1� 0 ����- vG��& ��%� �� ,G�! �� $�
�� ���a#	� ����� 0  	� �I�& M��#(� ����   :E��� $��4 ,��o& �4 �� �I�& E���%J4 �� �%-  

 ���� �8�» (�� �:�- �	 �0��� .,-�4 �:�- �	 �0��� ��� «    �'"�8� �� ... ~ '	� vG�'�& �8
�,�8%� �4 �P�8� SQ� �40� ?�       �'�  '	� )b'�
� �0�'�� $�%':� �:�- �	 �� $��* �� E�#(� 0�

��   )'8� E� KG�0 ... . (�� �:�- �	 ��#D �0��� ,8%�      ��'� �� �'FG��& �'"�8� �� �'�  '	�
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     �'8 �'a
; l'���& �'�18  	� vG��& $� v�=� 0 ���� �8 $����� �8,X& .�%4 ����

 .�����  .$� v�=� 0∼ �  ��18� ∧∼ �         �'8 .�'T4 ��%'� �'��� �'=
�� 9�%'@ �'��
 �a
; l���&  	� �8� �5�- l���& �P�4  (��� ⊃∼ �   M��#'(� �=
�� ��TI �� )8� 0

∼ � ���  	�� /�D  G0 R�� �� ���� �4 . 	� �� ,��   a� $�%&»   E'�  '	�� %& ���
���  	�� .�8%�4 �8%� «      �'��  '	�� %'& E�8%'�4 ,'��o& �'4 ��  	� $��� )8� 0   .�8%'�

 { .p .,D%�)214(  

 ���� �� u�! )8� �4  	� )-0�  %
'	�� �& ��18 $� v�=� .,-�:� vG��& )�F#� �%�\�
     ���'P� �'N� ��'U�� ���=#'(� 2%�#3%4 �& ��%� �� ��P80� )8� .�%4 ,��%J� �=
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'	�� �& �!�%� ,��%- �
.���,� ?�0�4 )��* �,�(8%� ~ 	�  
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9�:k� M�N� )8� �� S@�D �5�- ��:�%4 ,��%J� ��FG .)8��4��4 0  	� �8\O  

⊬ (� ∧∼ �) → �  

   )'8� �'4 ��� 9��:; )8� .E���,� ��FG �� .�8�FG �� ���`��� ��%�� �� �&  	� �!�� 6�Q� )���
. (�� ��FG �8�FG �� ���`��� ��%�� R�� ��  (�� ��1�  

  

3��
� �
�� ����� �� 

	 ����الله ?<=$��� 
���� . � ��
� ���  
!"������ 
$  

 �I�=� �� �D

� ����� �K4�&��L M�N« �	,�الله !�� �-���  �'� «    �'�1� �'�,=� )'8� �'4   �'� ���  M�'N�
K4�& W�D �-���  �� ���(D�I�=� ��  ?��8����� �	��4   	�  �I�=� )8� �� 0  �!�'@   ?��,'=� �'4

?�%@ -K4�&��L M�N� �r�8�  $� ^�#(� 0 �-����� �����O   �%'@��L 0 �a'(�! ?��,=� 0 0 ?
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��%Y ?��8� �I�=� �4 �� B:&�� �J8��& lI�
� ���, ��t	  �P�8� �4 ���-� ��� 0  ��#'`� ?��,'=� �
 �4 E�M�N� K4�& ?�� K4�&��L 0 �-���  W�'D �-���       W�#�#'	� M�'N� H'8�1& �� �0� ,'���� ���'(D

 y�- ?��4 ��N� $�,=! .�1�:5«  �'U����4 $�%'4 6���� »     �#'	���� 0  '����& M,'; .��#���'	 ��
 �8�FG��!. 	� ���0        M�'N� �� $�0��'! �&7�P'-� )#!�8\'O [�'O �� ?��'4 �� �,'���%Y )�x   ?�'�

K4�& K4�&��L 0 �-��� �� ����� �-��� 0 ,��   K4�'&��L M�'N� ,=� �4   �'� �'-���   0 �����'O   ,'=� �'	
�� ���0  M�N� )8� �4 �@�X#Y� :,���  

1. �,;�G �� ?���(4   �'�8� ��� �4 M�N� )8� �� ��@� ?��     �� 0 9�':k� S'4�G ��'@� ,';�%G
 ?�U4�#� �4 ,�*�� )8� 0 ,�#(� ,3�� �"�#�»�-�%��« p�#� l	��� ��� .����  :	���   ?�'�

»�`�0�O«   . (��  

2. K4�&��L M�N� �,;�G �-���  M�� �4 ?�»W�D C,;�G ���(D« ������ l:	 ��     �'�]#� �'� �%'-
M�N� S� 0 ,-�4 ��FG M�N� )8� �� ?������trivial  ��  .��  

3. [JO C,;�G �%@ �Y�4 K4�&��L M�N� ^�#(� �� ?�8\O       �'
�� �'4 �� M�'N� S'� .�'-���
�
��0�! S	�� 0 ���! ��	 ,���.    

�� ���a#	� �
I�]� ?�����- �� ���� ��,=� )8� 6
Y �� �D
! .)�r �� $� �4 �� ,��   �'�
d	�O 6
Y ��     �,'=� �'� �'D
! .)'8� �4 $0�!� .��� E���%Y ���-� ��   �� ���4�#'- �� �%'Y ?�

�4 . 	� ��%�� �`#�� H�#J� 9
"�    �� �%'Y 9���:#'-� .,���4 ��:G ?��,=� d	�O �N#�� �P��
�� ���P& ?,14 97�=� �� 9�1!� �4 M�N� �� ,=� ��    ���'� �'�:G ?��,=� �4 ���-� )�r 0 ,��

�� �8�X& �#D �8 �%���0 �
I�]� ?���- �� � 97�P-� �� �Y�4 �U�& �� ,�� �'� $��4 �� $   ,'��
�%�- ��     n%'! �'@�X#Y� ?��,'=� �	��4 �4 ����� �� .6�D �� �4 . 	� ,=� �� ,8,� 
��� ?�

�� $� ��8� ?��,=� �Y�4 )#!�� �N� �� �4 0 E8����O �� $��4 ,=� [- lI�G �� �� ��   �� 0 E�'��
�� $� d	�O �4 ��%� �� d	�O 2�	� �4 ��@� $�%�; .��%� �� �� .E8����O  �  . 	� ,=  

  

1.3 ()�
�*+ "�#� DE 8��9:   �,-�� trivial   F9*�  

K4�& M�N� �(8�=� �4 �� p�#� E#a� SX! �,�(8%� ����� �8�O �
�� �-��� K4�&��L M�N� �4 ��   �'-���
����� �8�O �
��          M�'N� �� �'� �� ��'FG  '`� 0 67,#'	� �����'- $� �� 0 ���� {�'X#Y� �'�

K4�& �� �4�8���  	�� �-��� $� ����#� 9�%@ ��� ,�%-    K4�'&��L M�'N� �� �'�     '	���� �'-���
67,#	� �Y�4 $��� )8� �� �D
! . 	� ���� �(8�=�  	� �,;�G) ��    (�0,'@ 0  '`�8�� ?��
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$� $�%4  	���� �4 �,�(8%� �� ��    {) ���'� �8�'X& M�N� )8� �� ��235   67,#'	� 0� �'�� 0 (
 ��- C,;�G) ��8�  C,;�G 0 �5�- ?�8\O$� �4 �,�(8%� �� �� (��P� M,=� /\D   ���'-� �'�  ?�

K4�&��L M�N� �� 0  	� ���P� �� �4�8���  	���� �-���    $� �� �'P8 �'� ��'FG �	 0 ,�%-   �'�
K4�&��L M�N� $���4 K4�&��L M�N� ^�#(� $���4 ��8� ��FG 0� 0 �-���  �'� E��� �� �-���   .,'��O

$���4 ���G� �4  �,�(8%� �4  	���� �8��  	� �#!�� �"�#� S��T& )8� �4 0  	� ���� S��T&  �'�
K4�&��L M�N�  $� ^�#(� 0 �-���trivial . 	�         �'�  '	� ,'=� �� ?,'8,� �:'	 .�%�'- )'8�

  . 	� �,8,� �� $� �4�`� ��%� $%���& �,�(8%�  

1.1.3 F:�6�0G ��=� )� H��1�4 (;��I :�*.)�   �'��G�  `�8�� C,;�G �4 $���4 0� �D
!
	� ���� { .p .�D
!)  112 -114�� �	��4 l�&�& �4 �� $���4 0� )8� ����� �� �� ( :E���  

:60� $���4  

� → (� → �)  ⊢  � → (� → �)  
 

1        1. � → (� → �)   ��,=� 

2        2. B    �P�� u�! 

3        3. A    �P�� u�!  

1,3     4. � → �      M,=� Kr01  03  

1,2,3  5. C     ,=� Kr0M2  04  

1,2     6. � → �    �5�- S�I�3 05  

1        7. � → (� → �)    �5�- S�I�2  06  

u�! )#-%� l�&�& �D
! .$���4 )8� �� :�	��4     �� . '	� ���'P�  '8�;� �� �P�� ?��
 E�#a� )8� �� [�O �� �I�DK4�&��L M�N� ��   u�'! )#'-%� l�&�& �-���     �'@�Y  '���� �� �'�

�#(J� . 	� ����%Y�4   u�'! �8�'	 �� [�'O ��  	� �r�! .�P�� u�! )    �� �'P�� ?�'�
�� ���G ���a#	� ��%� $���4      �'P�� u�'! �� s'O �'�  	� �r�! .�P�� u�! )��0� .����

�� ���G ���a#	� ��%� $���4 �� 60�     u�'! �'�� )#'-%� �� ,'8�4 l�&�& )8� .����    �'P�� ?�'�
4�8���  	���� $���4 .9�%@ )8� ��L �� ��%-  8�;��� �  {) .�%-164 (  .$�'��4 )8� ��� 

 0 �,- �#-%� $���4 �� ��  	� �r�! )�#(J� �    ���a#'	� $�'��4 �� ��  	� �r�! )�#(J�
  . 	� �,-  
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     �,';�G )'8� �'4 �'�� ?��8� $���4 0� )8� �� .  	� ��%4  	���� l�&�& )8� ��%#� �D
!
 8�;� �%�\� l�&�& $���4 )8� ��  	� �;,� 0 ���� ���G�   : 	� �,-  

  :M0� $���4  

� → (� → �)   ⊢    � → (� → �)  
 

1        1. � → (� → �)    ��,=� 

2        2. B     �P�� u�! 

3        3. � → �    �P�� u�! 

2,3     4. C      M,=� Kr02  03  

2        5. (� → �) → �     �5�- S�I�3  04  

6        6. � → (� → �)   �P�� u�! 

7        7. A       �P�� u�!  

6,7     8. � → �      M,=� Kr06  07  

2,6,7  9. C      M,=� Kr02  08  

2,6     10. � → �     �5�- S�I�7  09  

2        11. (� → (� → �)) → (A → C))      �5�- S�I�6  010  

-        12. ( → (� → (� → �)) → (A → C)     �5�- S�I�2  011  

13      13. (� → (� → �)) → (A → C))    �P�� u�! 

1,13 14. � → �         M,=� Kr01  013  

1      15. [*� → (� → �)+ → (A → C)] →  (� → �)]   �5�- S�I�13  014  

16      16. B       �P�� u�! 

16      17. *� → (� → �)+ → (A → C)     M,=� Kr012  016  

1,16   18. � → �       M,=� Kr015  017  

1        19. � → (� → �)       �5�- S�I�16  018  

  ?���
'	 �P�� u�! 0� �� S�I� )8� �4  E� $���4 )8� :�	��42  03     �� $�'�� E'� �'�
�,- ���a#	� M,=� Kr0 C,;�G ��4��� �4 M��U* �
	    �,'- u�'! �'����,� �
	 0� �� ,��   0 ,'��
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��� $� ?��4 ?�Yo& 0 M,=& $�%& $� �8  !�� �N� �� �� (4 E� �4 �� �� )�'�� .     u�'! 0� �%'5
  ?���
	 �P��6  07  �,'- ���a#	� M,=� Kr0 C,;�G ��4��� �4 E#`� �
	 �� $��� E� ��   ,'��

�,- u�! �����,� �
	 0� �� ��� 0 ,�� $� ?��4 ?�Yo& 0 M,=& $�%&  $� �'8  !�� �N� �� ��   �'�
 R�'� .l�&�& )8� �4 . 	�  	���� . (4 E� �4 ��      ?��'4 n%'! $�'��4 0� �� �'8   C,';�G 9�':k�

K4�&��L M�N� ��  `�8��   . (�� ��#!�8\O �-���  

2.1.3 F:�6�0G ��=� )� )�;K (;��I :�*.)�  �4 ��P& �4 �D
!  �'8� $���4 . `�8�� C,;�G
 { .p .�D
!) 	� ���� ���G� �0,@ C,;�G �4 ��115: ( 

� → (� → �)   ⊢    ( � ∘ �) → �  
 

1       1. � → (� → �)    �P�� u�! 

1      2. � → (∼ � →∼ �)   v�=� sP;1   

1       3. ∼ � → (� →∼ �)    `�8��2   

1          4. ∼ (� →∼ �) → �     v�=� sP;3  

1            5. (� ∘ �) → �     ��a�& H8�1&4  

       �'#a� p�'#� �� �'�  '`�8�� C,';�G �� M%'	 �
	 �� $���4 )8� ��  	� )-0� :�	��4
8��� $�`� �I�=� )8� �� 0 E8�%4K4�&��L M�N� �� �� E       �,'- ���a#'	� . '	� �8\'O�� 9�':k� �-���

K4�&��L M�N� �� �0,@ C,;�G 9�:k� ?��4 n%! $���4 .)8��4��4 . 	�   . (�� ��#!�8\O �-���  

3.1.3 HL�* (;��I F:�6�0G ��=� )� �M�* ?�1N
 :�*.)�      �'�P& �'4 �� �,';�G )'8� �D
!
 �49�:k� C,;�G ��� 9�:k� �0,@ �8\O�� { .p .�D
!)  	� �119 -120:( 

� → (� → �) ⊢ (� → �) → �  
 

1  1. � → (� → �)    ��,=� 

-  2.(� → �) → (� ∘ �) W�D S@� ���(D  

1    3.(� ∘ �) → �      �0,@1  

    1    4.(� → �) → �     �5�- ?,1&2  03  

�� �ND
� �����* :�	��4       �0,'@ C,';�G �� M%'	 �
'	 �� $�'��4 )8� �� �D
! ,�8���!
          �,';�G .,'-�4 �8\'O�� 9�':k� �0,'@ C,';�G �'� u�'! )'8� �4  	� )-0� . 	� ���� ���a#	�
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 ��- �� �8\O�� 9�:k� ��� �5�- ?�8\O    .��P'-� ?�0� �� �'���� �� �D
! �P�8�  a�- .����
W�D S@�  ��- C,;�G 9�:k� �� �� �� ���(D       �,';�G )�'�� �'4 m�'!  '	� ���4 ��� �4 ?�8\O

 ��- C,;�G ��18 �� 9�:k� ?�8\O �� ���G� $� �4 $���4 0� 0 ,��      �0� )'8� 0� �'� �� �'� ,'��
      ?���
'	 �� �'�� �5�'- S'�I� C,';�G ��4��� M0� $���4 �� �� 90�a& )8� �4  	� ���%Y EG�
      0 ?����%'Y $�'��4 0� )'8� ���'P& �� �'I�=� $,`� ��7%5 ?��4 . 	�  	���� M��U* 0 M%	

�� $�`8� �I�=� �4 �� �,���%Y�� m��   .E��  

4.1.3 F:�6�0G ��=� )� )�O� �;#� PN3 (;��I :�*.)�      �'4 �'�P& �'4 �� �,';�G )8� �D
!
9�:k� C,;�G  ��- �8\O��  { .p .�D
!)  	� ���� 9�:k� �5�- ?�8\O120:(  

� → (� → �) ⊢ �  
 

1   1. � → (� → �)    ��,=�  

1   2.(� → �) → �   ��-  �5�- ?�8\O1  

-   3. � → �     ��FG �!�1� 

1   4. �     M,=� Kr02  03   

 �''� �''ND
� �''����* :�''	��4   C,'';�G �� M0� �
''	 �� $�''��4 )''8� �� �''D
! ,''�8���!
 ��-      ��'- C,';�G �'� u�'! )8� �4  	� )-0� . 	� ���� ���a#	� �5�- ?�8\O   ?�8\'O

   �'� �8\'O�� 9�':k� ��� ��P� M,=� /\D �,;�G .,-�4 �8\O�� 9�:k� �5�-  .���'�    �'P�8�  a�'-
W�D S@� .$�U�O ?�0� �� ��� �"�8� �� �D
!   ��'- C,;�G 9�:k� �� �� �� ���(D    �'4 ?�8\'O

�� 9�:k� ��P� M,=� /\D C,;�G �4 m�! �%4 ���4 ���         $�'��4 )'8� �� �'� ��'r%& )'8� �'4 ,'��
    $,'`� ��7%'5 ?��'4 . 	�  	���� E"�O 0 M��U* ?���
	 �� ��� �5�- S�I� C,;�G ��4���

�� m���� $�`8� �I�=� �4 �� �,���%Y 0 ?����%Y $���4 )8� ���P& �� �I�=�   .E��  

5.1.3 �)�/Q �0R-� �� �1S F:�6�0G ��=� )� ?� TH � U05I �*.)�    0� �'P�8� �� s'O �D
!
K4�&��L M�N� ��  `�8�� C,;�G 9�:k� �4 $���4     �'4  '`�8�� C,';�G �8�O �4 0 ��� ���G� �-���

@ C,;�G 9�:k�      �� �5�'- ?�8\'O  ��'-  C,';�G .�0,'@ C,;�G �8�O �4 st	 0  Y���O �0,
   . 'Y���O ��'P� M,=� /\D C,;�G 9�:k� �4 ?�8\O  ��- C,;�G �4 ��P& �4 st	 0 ��� 9�:k�

     �'� 9�':k� ��'P� M,'=� /\'D C,;�G �8�O �4 �"�8� ��    �'� ,'��»   ����'� �'�]#� �'�   M�'N� �� ?�
K4�&��L  	� ��FG �-���)« p .�'D
!{ .120 -121      M��#'(� 9�':k� 9�%'@ �� �';�� )'8� .(

trivial K4�&��L M�N� $�%4   :,�8���! �ND
� �;�� )8� �4 �� $�`8� $���4 . 	� �-���  
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1     1. [*� → (� → �)+ → (� → �)] → �   �P�� u�! 

2     2. [*� → (� → �)+ → (� → �)] → �   �P�� u�! 

3     3. � → (� → �)        �P�� u�! 

4     4. �        �P�� u�!  

3,4  5. � → �        M,=� Kr03  04  

3,4  6. �        M,=� Kr04  05  

3     7. � → �        �5�- S�I�4  06  

-      8. *� → (� → �)+ → (� → �)    �5�- S�I�3  07  

2     9. �         M,=� Kr02  08  

10  10. � → (� → �)      �P�� u�! 

2,10 11. � → �       M,=� Kr09  010  

2    12. *� → (� → �)+ → (� → �)     �5�- S�I�10  011  

1,2 13. �        M,=� Kr01  012  

1  14. {[*� → (� → �)+ → (� → �)] → �} → �     �5�- S�I�2  013  

-   15.{[*� → (� → �)+ → (� → �)] → �} → {[*� → (� → �)+ → (� → �)] →

�} → �          �5�- S�I�1  014  

-    16. �        ��P� M,=� /\D15  

�� �"�#� $���4 )8� �� �D
!  �� ����»  ����'� �'�]#� ��   K4�'&��L M�'N� �� ?�    ��'FG �'-���
 	� «�� �;,� ����� �� 0  �� M�N� S� ��FG )8� �� �%-trivial �� .���	  

� ���� ���a#	� ��P� M,=� /\D  C,;�G �� n%! $���4 �� �D
! :,=� �	��4  [�'O ��   	
9�:k� �4 0 E8��� $�`� �� $� �#	���� )8� ��     ?�';�� .p�'(D )'8� �4 .E8��� ,��o& $� $�%4 �8\O��

»����� ��]#� �� K4�&��L M�N� �� ?�  	� ��FG �-��� « 9�':k� C,;�G �8�O �4 �� ���    /\'D �8\'O��
��  	� �� . 	� �,- 9�:k� ��P�   �';�� )'8� ���#	� �4 9�%@ )8� �� 0 �0�  �'��    �'"�#� $�%'&

K4�&��L M�N� ��  !��  �-���trivial   . 	�  

6.1.3 F:�6�0G ��=� V�-�Q )� ���W�� ()�/Q �� �� �1S T;�)�Q.�  �*.)�   )'8� �� �D
!
�� �;�� ,=� W�D C,;�G �8�O �4 �� ,�� �� ���(D  �� ��� 9�:k� $�%&»  )'8� �� ��%JI� C���� 0� ��
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,�#(� �����	 ^�#(� « .�D
!) { .p124    6%'��! 9�':k� �'4 �;�� )8� 9�:k� ?��4 �D
! .(
� ∘ � �N� ^�#(� �� ��FG $�%�; �4K4�&��L M : 	� �,- S	%#� �-���  

⊢� ∘ � 
 

-   1.(� ∧ �) → �  ��FG �!�1�  

-     2. (� ∧ �) → �   ��FG �!�1�  

-   3. (� ∧ �) ∘ �   W�D  ���(D2  

-     4. � ∘ �      l���&1  03  

 �� 0����� ��]#� 0� �� ?��� �4 ��  	� ���� y�:�#	� )��* $���4 )8�    .^�#'(� )'8� �� ?�
 ��18 ��]#� 0� )8� ��a�& � ∘ �    �'�8� 9��':; �4 0  	� ��FG»     )'8� �� ��%'JI� C���'� 0� �'�
,�#(� �����	 ^�#(�  .«  

  �'�]#� 0� ?��� �4 �8�:,=� �	��4�   0∼ �    �'� ^�#'(� )'8� ��      '!�� �'"�#� $�%'&  �'�
� ∘∼ �   �'8� ��8� 9��:; �4  0  	� ��FG �8�  0∼ �      ~,�#'(� �����'	 ^�#'(� )'8� ��

����� ��]#� 0� �� u�! )8� �4  	� )-0� R�� .,�-�4 �����	�� E� �4 ?�    �'8�  ��'FG 0� �� �8
9�:k� :��18 . (�� �8\O  

⊬ (� ∧∼ �) → �   
⊬ (� ∧∼ �) →∼ �  

��� 9�%@ )8� ��  �� ��� �;�� $�%&� ∘∼ �      �'�� )'8� S'�I� . 	� ��FG .^�#(� )8� ��
 9��:;  	� ���� $��� �D
! ��  	� )8�(� ∧ �) → � �4 M�N� )8� ��    .�5�'- 0 ,'�G R��

�I�D ��  	� ��FG    2�'	� �'4 {�Y �%5 �4 0 67,#	� �#	�� y0�- 2�	� �4 6%��! )8� ��
��,=� $�%:� �����	�� ?%T� y�-  l'���& ��  	� ��FG �&�%@ �� ��   �'a
;� ∧ �    ?%'T�

�� �=T� �&�%@ �� y�- )8� 0 ,-�4 �����	  6%��! 0� �� �%-�  0�     .,�'-�4 �����'	 E'� �4
K4�& M�N� �� �� y�- )8�     ����'� �'8�O �'
�� �'-���        M�'N� ^�#'(� 0 M�'N� )'8� ^�#'(� .�'�

K4�&��L ����� �8�O �
�� �-���  �'� ��    �'4 $�%'&� ≠∼ �      M�'N� ^�#'(� �� {�'Y �%'5 �'4 0 
K4�&��L ����� �8�O �
�� �-��� �� ��  �4 $�%&� ∘ � ��� $�`� .  67,#'	� 0� �#	�� 9�%@ )8� ��

 ��]#� 0� �� ?��� �4 ��  	� ��1� )8� �4 n%!����� ?%T� ?� �����	  �'�     0� �� �'8 �'� $�%'&
 6%��!�  0�  1� )'8� �4 �"�#� )8� 0  !�� �"�#�  �G�,X� H5�; /\D C,;�G ��4��� �4 ��  �'�
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 ��  	�»,������	 .�����	 ?%T� ��%JI� C���� 0� �� «  �'�L �%r0 �4 0 )-0�  	� ?��� ��
. 	� ���� ��
� �D
! ��  	� �8�;�� ��  

  �'�,=� $�%:� �����	�� ?%T� y�- �� ��� ��	
� �
�� ��      67,#'	� �#'	�� ?��'4 �� �'�
    '4 m�'! �� n%'! $�'��4 0 E��� �!�r� �� ��a�& 9��� ��� E8��,�  W�'D C,';�G �    .E8�8\'t4 ���'(D

 ����'� ��]#� 0� �� ?��� �4 �� �%4 ,��%Y )8� M��#(�  .?�� ∘∼ �      )8��4�'�4 . '	� ��'FG �'8
   W��'Y ,'=� 9����I� �� 0  	� ���� ?�0�� ��	
� �
�� $��� ���G ���1� �4 ,=� )8� �� �D
!

 �I�=� �� �� ,=� 9����I� )8� �� [�O . 	� �,-»�8 ?��=#�� �	��4     K4�'& M�'N� �'4 ,'=�  �'-��� «
- ��\#���� ���P& �"�8� �� 0 E8, .E���  

7.1.3 �)�/Q �0R-� �� �1S F:�6�0G ��=� V�-�Q )� ?� TH � U05I �*.)�    st'	 �'D
!
 6%��! �� u�! )8� �4� ∘ � �4   K4�'&��L �'8�O �
�� M�N� ^�#(� �� �5�- 0 ,�G R��   �'-���

   �'�  '	� ���� 9�:k� .,-�4 ��FG» #� �'�  ����'� �'�] �� ?�       '	� ��'FG �'8 ^�#'(� )'8�.« 
.�D
!)   { .p124 -125   M��#'(� .9�:k� 9�%@ �� �;�� )8� (trivial     M�'N� ^�#'(� $�%'4
K4�&��L   : 	� ���0� �� �8� $���4 �;�� )8� �4 �D
! . 	� �-���  

⊢� 
 

-   1. � ∘ �    ��FG �!�1�  

-     2. (� → �) ∘ �    )�`��� ��%��1  

-   3. (� → �) → (� → �)  ��FG �!�1� 

-    4. ((� → �) ∘ �) → �     �0,@3  

-     5. �        M,=� Kr02  04  

 6%��! �� E8�8\t� ���  	� )-0� :,=� �	��4� ∘ � �4   ^�#'(� )8� �� �5�- 0 ,�G R��
��  	� �� ��� n%! ?�;�� �4 �,- ���G� $���4  	� ��FG ;� )8� �4 �
Y )8� �� ��� .�0�  �'� ��:#

 .E��� u�!�  0� �� .E8�\�4 .,�-�4 �����	 E� �4     EL�'��; $�'��4 )'8� �� �D
! ��* E�	�O
    {) �8�'FG )�'`��� �'�%�� �� ���a#	� M,; �4 �,�(8%� �8�X&19    )�'`��� �'�%�� C,';�G �� .(

   �'�%�� �'� �'� ��:#;� )8� �4 E� �
Y )8� �� ��� ~ 	� ���� ���a#	� 60� �
	 ��FG  ���'`���  ��
      ��%'� )'8� �� .E8�\'�4 . '	� ��'FG .60� �
	 ��FG )�`��� ��%�� )8� ���  (�� ��FG �8�FG

��� ��8�      )'8� �� [�'O �'�  '	� ���� ���a#	� �0,@ C,;�G �� ����� �� $�`8� �� E8�\�4 E���%&
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9�:k� M�N� )8� �� �� E8��� $�`� 0 E�#a�        9�'���I� �� 60,'; 0 �'
Y �'�� )'8� �'4 . 	� �8\O��
. 	� )-0� �;�� )8� H��P& .)-0�  

  .�0,'@ C,;�G ��4��� �� p��#�� ?��4 �D
! :��8� $���4 �4 n%! $���4 �� �`J4 ��8��8��
   E'� �0,'@ C,;�G ��4��� $0,4 �&  	� ���� )8��8�� ?��8� $���4 �4 �� �%Y $���4 �� �`J4

��:4 [�O �4 �� �%Y ?�;��.  { .p .�D
!)125 '� $���4 0 67,#	� (   )'8� �� �'D
! )8��8�
: 	� ���G  

∼ � ⊢ ((� → �) ∧ �) →∼ �  
 

1    1. ∼ �    ��,=� 

2    2. (� → �) ∧ �   �P�� u�! 

2    3. � → �    H5�; /\D2  

2    4. ∼ � →∼ �     v�=� sP;3  

1,2 5. ∼ �     M,=� Kr01  04    ∼ �, (� → �) ∧ �  ⊬ ∼ � 

1     6. ((� → �) ∧ �) →∼ �   �5�- S�I�2  05  

         �';%�"� E'� �'4 �'�  '	� ��%#'	� M0� 0 60� �
'	 �'4 $�'��4 )8� E"�O �
	 :�	��4  ?�
?%T� �� S�P`& �����	�� �4 ,��� �"�#� �P��    67,#'	� .)8��4�'�4 .,-�4 �����	�� ?%T� .67,#	�

��  	� �� �,- ���G� $���4 0  	�  	���� �
	 )8� ����#�     �'D
! �'	 p�'(D )8� �4 .�0�
 ?�;�� ��»����� ��]#� ��  	� ��FG �8 ^�#(� )8� �� ?� «�4 �� �
� $��� ,���    �� �'� �%'5

 ?�;��»,�#(� �����	 ^�#(� )8� �� ��%JI� C���� 0� �� «�4 ���    �� �'4  '	� )-0� .,��� �
�
 	� ��� �;�� )8� )#!� K4�&��L M�N� ^�#(� ��  !�� �"�#� $�%&  �-���trivial   . 	�  

  

2.3 ����� &�'  $��%���()�
�*+ "�#� F9*� G'�3 �)�� �,-��  

9��� �� u�! )8� �4 �D
!       9��� �'�� �'4 �'=�=D 6�'Xa�� 0 ��%'Ua� �5�'-0� ?��   ?�'�
      S'��T& C,';�G 0 ��%'Ua� �5�'-0� l'���& C,;�G .,-�4 H8�1& S4�G ��a�& 0 ��%Ua� �5�-

  ';�G .,'-�4 9�:k� S4�G ��%Ua� �5�-0� H8�1& 2�	� �4 ��%Ua� �5�-0��,   )'4� ?�'�   .���'	
    ) �'�a�& l'���& 0� H'8�1& �'8�O �4 �"�%Y 0 ��%Ua� �5�- 0 ��a�& l���& .��a�&� ∘ � 0 (

) �8�a&A + B9��� �8�O �4 ( ) �=�=D 6�Xa�� H8�1& 0 v�=� 0 ��%Ua� �5�- ?��� ±  �  �'4 (
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 �,';�G ��,1& .,�-�4 9�:k� S4�G v�=� 0 ��%Ua� �5�-0� 9��� �8�O    '4 �� W�#�#'	� ?�'�  ��'U* �
W�D C,;�G 0 H�Y S�I� C,;�G .�5�- S�I� C,;�G .M,=� Kr0 C,;�G   . '	� ���� [��� ���(D

�,;�G [��� ?��4 �D
! ^
& �� ,8� E���%Y ��� ����� ��    C,';�G ��%'� �� �� �4 W�#�#	� ?��
: 	�  (P- �4 M%PT� �"�%Y 

1.2.3 F:�6�0G ��=� )� ���9X� �M�*�� �1S  Y1��6 �:�I �*.)�TH �   �5�'-0� �D
!
9��� ��� �4 �� ��%Ua�       ���'� H'8�1& )�'�* (��%'Ua� H5�';) ��a�& 0 ��%Ua� �5�- ?��
 { .p .�D
!)  	�115  :( 

(A ↔  B) =df  (A →  B) ∘ (B →  A) 

  ��%''Ua� �5�''-0� :�''	��4(A ↔ B)   6��''1� (A → B) ∧ (B → A)  M�''N� �� 0  ''	�
K4�&��L � �� �G�,X� H5�; 9��� �� S�I� )8� �4 �-������ .E8��,      �'3��� �� H'8�1& )'8� E���%'&

 ��%Ua� �5�- 0�  :(� S�I� )��� �4 �=�G� 0 E���A ↔ B      ��%'Ua� l'���& 0� �� �'8 �� �4
A → B  0B → A     �5�'-0� �� �'D
! H'8�1& )8��4��4 .E8��� $��4 �,;�G �8 �4 M�N� )8� �� ��

K4�&��L M�N� �� ��%Ua�     )'8� 90�'a&  '	� )'-0� . 	�  	���� �-���     H'8�1& �'4 H'8�1&
 �� ��  	� )8� �� �D
!(A → B) ∧ (B → A) ��   6%'��! 0� �� �8 �� $�%&A → B   0B → A 

�,;�G ��� �4 ��  �� ��� ��0�  	� �4 W�#�#	� ?��(A → B) ∘ (B → A) ��� R�� $�%&   )'8� �� �8
  . !�� �"�#� �� 6%��! 0�  

2.2.3 :���9X� �M�*�� Z0L�6 (;��I 8� H8�1& �� u�! )8� �4 �D
!  �5�'-0� �� $�`
   �� $� 0 �,'���� �5�'-0� �!�1� C,;�G �� ��%Ua� �5�-0� l���& C,;�G ,-�4  	�� ��%Ua�
     .p .�D
!) '	� ���'� 9�':k� �
'	 0� �� ��%Ua� �5�-0� H8�1& 0 ��a�& C,;�G ��� �4

 {115  :(  

1.(A → B) 
2.(B → A) 
3.(A → B) ∘ (B → A) 
4.(A ↔ B) 

�%Ua� �5�-0� �D
! .$���4 )8� �� :�	��4  n%'! H8�1& �4 ���#	� �4 M��U* �
	 �� �� �
K4�&��L M�N� �� E�#a� ��  	� �#!�� �"�#�  �-���. 	�  	����  

3.2.3 :���9X� �M�*�� �0�[6 (;��I    �5�'-0� �� $�'`8� H8�1& �� u�! )8� �4 �D
!
   /\'D C,';�G �� $� �� ��%Ua� �5�-0� S��T& �,;�G 9�:k� �4 $���4 0� ,-�4  	�� ��%Ua�

� { .p .�D
!)  	� ���� ���G�  	� �,���� �5�-0116 -117    $�%'4 ��7%'5 �'4 ��%& �4 .(
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$���4 )8� $� ���P& �� �� �� ?����%Y �I�=� )8� �� ��   �,'���%Y 0 E��     m�'��� �'I�=� $�'�� �'4 ��
�� .E��  

  . '	� ���� ���#	� ��%Ua� �5�-0� �� n%! H8�1& �4 �D
! 0� )8� �� �8 �� �� :�	��4
�4 y�-  �� �P8 . (J� $���4 �� �0
;    ) 67,#'	� �#'	�� ?�'�   �'�,=� �'�� �'��    S'@� .�'�

,-�:� ��FG .�"�#� .,�#(�� ��FG �8 m%r%�  . 	� ���� v=� E"�O  �
	 �� �� (  

   �1�'X& �� �%�\'� y�- [�O�`�O .v=� )8� �� m�!� �� �D
! .)�r ��(ad hoc)   ��,'��G
m%r%� )8� �4 �P�8� $0,4  	� ����      �'I�=� �� �'8 �'I�=� )'8� �� �T�r%& )8�#�� 0 ,�� �0�0

»K4�& M�N� W�D �-��� ���(D «     $�'�* �'T4 )'8� .,'�,4  	� ��%4 $�`8� ?��,=� ��L� �
=� ��
�� �0�0 $� �4 $�`8� ��� �� ���� �#���� �� ���    K4�'& M�'N� 0� �'8�O 0 2�	�  (��%&   0 �'-���

K4�&��L ^�#(� 0 �-��� $� ?�� �8 �� ��     '�D� �'P�8� $0,4 ,�� $��80 0 ,`P4 [I�* �4 ��
  m%'r%� �4 E�=#(� �0�0 $0,4 �8���8�� )��* .�,�(8%� �N� �4 .,`P4 �� �D�:� �8�	 �4 �0�0

��� ��N#�� �
�� ��  ��  	� �
I�]� ���- �;%� .�%- �#!�� ��� �4 �0�  

         �
'	 �'4 ��  '(J� $�'��4 ?���
'	 �� �'`J4 $�'`8� �'� �'�� M0� $���4 ��  �'�8� �8��
  � �� $�'���� ���a#'	� �4 .�%`� v=� �,- ��8 y�- �&  	� ���� )8��8��   �� �'P�� u�'! 0

��� .E"�O �
	 ?��   �'4 ,8�4 �5�- S�I� C,;�G ��4��� y0�- 2�	� �4 �� �� u�! 0� )8� )#(4
$� �����,� )#(4 �4 M�,G� .K��� )8� �4 ��%& $0,4 0  	� ���� �0,(� ,�%- �#(4 E�   �'� �'� ��

      ���'� ���a#'	� �0,'@ C,';�G �� E����'	 �
	 �� .�0
; �4 . (�� ��"� M�N� )8� �� ��  	�
�  	�. (��  	�� M�N� )8� �� E�#a� �  

����� �4 ,=� �� ,8,� �P:	 �� �D
! .)�r ��   �'�� ��  	� ���� ���-� l�
� )8� �4 ���
a#	� $���4 )8� �� �� �� 6%��! �8 $��� u�! ��40� �,�(8%�   .K'�� )'8� ,�� K��  	� �,- ���

 0 �1�X&ad hoc   �'�  	� ���� S��P& ���� )8� �4 �� �%Y $��4 )8� st	0 �%4 ,��%Y»  )�'�*
��� 0 ��,�G SD   '(�� �,8,�(O $�,�* /�@ �=
�� ���,8� �� ?,������� ?�� .«    '@�! st'	

 y�- �� �a8�1& R�� $��4 $0,4 0  	� ����- E�#]� ��»$���4 $�%4 6���� «    R�'� $�'�4 $0,'4 0
 0 �1�X& �� $� .���I�ad hoc        �'4 y�':&�� �� �'����4 0 B:&�'���L �:I�'
� st'	 0 ���� ��,��G

0�!� 0 )#	�� {%XY �� $���4 �#	�� y0�-u�! $� . 	� �#-�� $��4 ��  

����� )8� �4 d	�O �� ��� �� �,�(4 ��,=� )8� �4 B:&����L lI�
� 0 ��   R�'� �'� E���   �� �'8
�N� 0�K4�& M K4�&��L 0 �-���          '8�;� �'4 y0�'`�) �� 6%'��! �'8 $��'� u�'! ��40� �-���

u�! )#(4 y0�- ��� K�� (��   �'��� $���4 �#	�� y0�- �4 y�:&�� �� �,�(8%� �0
; �4 .,���
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